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[Following is the translation of an article by N. D. Moiseyev

in Trudy Gosudarstvennogo Astronomicheskogo Instituts im, P, K.

Shernberga (Transactions of the P. K., Sternberg State Astronom=
ical Institute), Vol. 24, pp. 10 - 16, (1954).]

Introduction

The present article is one contribution in our series of works
devoted to the consideration of simplified variants on the problem of
celestial mechanics which are obtained by averaging. More exactly, the
present article relates to that portion of our work which treats of the
so-called "interpolatively averaged" variants of the problem of celes-

tial mechanies.



Section 1, Complete Averaging of the Canonical Problem with Several

Intermediate Elements
Let a canonical problem be given which has the following equa-

tions of motion:

 dzp  0H . dug OH L9 )

Pk o 220 Dk o (B=1.2,...1),

dat = om0 di 5 (& ) (1)
H=H(E;.. .8 M. N B ‘(._‘2)

In particular cases the time t may or may not appear in the
Hamiltonian (2),

In addition, let there be defined a set of m functions Sl of the
canonical variables (or cancnical elements) of the given problem:

4=t G S (=12, ..m) (3)
We shall hereafter call these qmntitiesjl "intermediate elements",
We arrange the entire:set of 2n canonical elements
Gt B ey @

into two groups. One of these, which is composed of m arbitrary can-

onical elements. . o
(51;_ ?2- C s N Nge s )y ' -m” =m, (5)

we shall call "the basic group®. The second group, which consists of
the 2n - m remaining ca.nonicﬁaél elements,

G b ), (®)
we shall call "the complementary group”.

We solve equations (3) for the "basic" canonical elements, ob-

taining the formulas
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We then eliminate the "basie" canonical elements from the
Hamiltonian (2) by means of these formulas. We will designate the re-
sult of this elimination by tm symbol

H* ——-H*‘*(ﬁl, L k3 S T 35 - M ) (8)

We average this transformed Hamiltonian, H¥*, over any given

ranges

_ek'<2k'“~< & (k,_m "{”1 ) , | (9)
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of the "complementary" canonical elements, (6).
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while 6bserving the following three requ:.rementa*

1. The intermediate elements (3) are considered invariant dur-
ing the integration.

2. The quantity t is considered invariant during the integration.

3. The "complementary" canonical variables (6), with respect to
which the average is taken, are regarded as mutually independent var-
iables during the integration.

We will describe the above averaged Hamiltonian as completely
averaged with m intermediate elements (3).

The "completely averaged" Hamiltonian, ?i', so obtained will



clearly depend only on the m intermediate elements (3) and the tin:_n.e. t,
A=A st (11)

" We will henceforth regard the intermediate elements (3) in this
formula actually as intermediate variables and consider that the com-
pletely averaged Hamiltonian, 'E‘I', depends on all the canonical elements
(4) through the intermediate elements (3): 7

H=Hl G- £ Mie M- Ly Gise o o £)i 8] (12)
Let us now form the canonical differential equations which are
obtained from the given equations (1) by replacing the true Hamiltonian,

- We shall obtain
dik__dﬁ . dy__ OH (k-—-l 2,...1). (13)

T e
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H, by the result, ?i; of its complete averaging.

The problem described by' this set of equations (13) we will
simply call the variant of ’che given problem obtained by complete aver-

" aging with the m intermediate elements (3).

Equations. (13) may also be wrltten in tke following modified form:

Eo S
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J=1 1=t

| k=1, 2,.0.n).
‘Section 2. Sone Spamgl Cases of Intermediate Elements a.nd

Hamiltonians

It is of interest to consider certain special cases of inter-
mediate elements. Deserving our primary attention among these are the

cases in which formulas . (3) have the special form

c,—E(r,ksk+s,knk) <z-1 2,...m), (15)
where ; Be=1 .

(16)
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are given numbers,
In this case of linear intermediate elements, the equations of

the completely averaged problem (1li) take on the simple form

m ~ o
ds A d 0H . _
i=z oy Sw —7'3-"—"‘"2-@—{7 rys (B=1, 2, ...n). (17)
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Among more general special cases of intermediate elements the

following merit attention also: .
G= N ifaCF gl (=1 2...m), (18)

k=1
where .
§ Gl &u () (19).

are given functions of the ingicated variables, which, for example, may
‘be algebraic polynomials, etc.

It is of interest 1:,‘6 consider the following special cases of com-
pletely averaged Hamiltonians H with respect to their dependence on the
intermediate elements, (3).

a) First among these special cases is that in which H takes the
form o g e
A= (R ¢), (20)
where the suxiliary function H does not depend on tle time t,

HeRGe @t
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b) A second‘interiesting case is that in mleh‘ii’ is defined by the

formula —— (22) .



where each of the component functions of ﬁ depends on only one interme~

diate element with corresponding subscript, amd perhaps also on t,

B, =H,(&1). @3)
Some even simpler variants on cases a) and b) are respectively,
at') in which
H=H@Cgs. . L) @9
and
1 : Py - m ~ -
b') in which e ZHI ©). (25)
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Section 3, The Differential Equations for the Intermediate Elements

and their Integration in Special Cases
On calculating the total time derivatives of the intermediate

elements (3) by means of the differential equations (1l4) of the com-
" pletely averaged problem, we obtain the following set of differential

equations for the intermediate elements:
AL .

: v m ~ -
Y .‘?ﬁ[ﬁﬁ..?fﬁfﬁj =1,...1 26
=YY% o T om i  (=Le.m) (26)
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We shall examine several épecial cases in which ;":

equations (26) may be found.

First among these cases is that in which there is only one in-
termediate element, that is, in which m= 1. For this single interme-
diate element § we have e gcmai;ions (26).

o | @y . -

From this we obtain the integral ) o
G Gy By M- -My)=Gyp=const. (28)



fregquent
In the/case where the completely averaged Hamiltonian, H, does

not depend on the time, t, that is in case (24), this integral (28) be-

comes equivalent to the energy integral,
B@y=comt. @)

Let us now consider the case of an arbitrary number of interme-
diate elements and let us assume that the completely averaged Hamilton-

ian is expressed by a formula of type (20). We will then have for the

....................

H o oF of [0 o, o % ] a 30)
Z Z‘ Z ot 9, ["Ck Fre Ok Ok 0, (30)

k=l Jxal A==l

from which we obtain the :Lnﬁegral
B (. . ) =const. Gh_ .
In case the completely averaged Hamiltonian is independent of

time, that is in case (24), this integral (31) coi;icides”ﬁi‘th the energy
integral for the completely averaged problem.

Let us now consider the special case of linear intermediate ele~
ments (15)., In this case the differential equations (26) for the inter-

medla'he elements take on the fom

i P 2 Ragii (I=1,2...m), (32)
A=1 gt
where R
Rp = 2 (re 2 — Sy 7an) (33)
g k=1

are constants
Equations (32) will be linear in the intermediate elen;ents if the

~
completely averaged Hamiltonian, H, is quadratic in these same elements,



BSection 4, Integration of the Differential Equations for the Canoni-

cal Elements in Some Special Cases:

Th-e set of differential equations (14) for the canonical ele-
ments of the completely averaged problem may be completely or partial-~
ly integrated in closed form in certain cases.

Such is the case, for example, on completely averaging with one
intermediate element linear in the canonical variables, Thus when

m 1 and formula (15) holds, equatioms (14) take the form

B A e oH (i )
i N TR T A (34)
(k=1, 2,...n).

In view of integral (28) the right sides of these equations are
known functions of the time, whence the integration of the system may

be easily completed.

et
PRI

In the somewhat more complex case, m< 1 and intermediate ele-

ment defined by formula. (18), equations (M} take the form

- dzs @H it d &H b
U0l g @y Gr=—LED 5 e, (35)

(k=1, 2,...n).
From these one derives the following set of n equations in

total differentials:

Fin o) iy () =05 (=1, 2., (36)
which give the follm»ﬁ_ng n first inmgmla of the problem: .
"""" (k=1, 2,...0) (37)

These allow integration of equations (35) by quadratures,

We now turn to the case in which there is more than one inter-

mediate element., If these elements are linear and defined by formulas

-8 -




(15), the canonical elements will have differential equations of type

(17). Assuming that the number of intermediate elements, m, is less

than the total number, 2n, of canonical variables, we may by elimin-

ating the m quantities

write (2n - m) mutwally independent linear homogeneous equations with

constant coefficients for the time derivatives of the canonical elements.

Their integration gives the following set of (2n - m) first integrals of

the problem which are linear in the canonical elements:

& — Sy s —Sm
Emrs  ~— Sim} M Smm'
Ny Figieer 3 T |=Cw; (R'=m'+41,...0), (39')
Am 5 Tim"s s Fmm”
€y — Sy — Sm
§ =515 ... —Sm
Em' » “31,};: s i=Smm*
LY s .- rm |=Cr; (R"=m"+1,...n), (39"
Nmrs  Timm y Ywm” |
Ne" s Figes s Tmgn
with mf+ w¥ = m.
These integrals may be rewritten in the form o
L % (BEYE ¥ B el e .

Y Ry ()3, 4+ Y, Rot (Bt R+ 12 (B k== Cis (40)

g=1 gram et

& =nm'-+1 ...n)

and




(B"=m"F1;...n) .
Where ............. o R
Rt (K% Sor (&) (a1)

are calculable constants, since C, - and C, . are arbitrary constants.
The knowledge of (2n - m) such integrals permits one to decrease
the order of the system of equations fof the canonical elements from
2n to m, In case the completely averaged Hamiltonian is independent of
time, we may complete the integration of the canonical équations by
quadratﬁres whenever the number (2n - m) of integrals (40) is not less

than n, that is whenever m< n,

L s .
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